Abstract. In [8], we gave the normalization of the standard zeta values for Siegel modular forms, and considered the relationship between such values and congruence of cuspidal Hecke eigenforms. In this paper we give more reasonable normalization for such values and improve our previous result.
Introduction
For a cuspidal Hecke eigenform f of weight k with respect to Sp n (Z), let L(f, s, St) be the standard zeta function of f. Then the value L(f, m, St) < f, f > π −n(n+1)/2+nk+(n+1)m belongs to Q(f ) for a certain integer m if all the Fourier coefficients of f belong to Q(f ), where < f, f > is the Petersson product and Q(f ) is the field over Q generated by all Hecke eigenvalues (cf. [3] , [10] ). In [8] , to consider the relationship between these values and the congruence of Hecke eigenvalues of cusp forms, we proposed a naive way of normalizing the standard zeta values for a cuspidal Hecke eigenform f . This normalization is reasonable in case the multiplicity one property holds for the space of cusp forms to which f belongs, and has an application to the congruence between Saito-Kurokawa lifts and non-Saito Kurokawa lifts even in case the multiplicity one property does not hold. However, this normalization is not necessarily uniquely determined by the Hecke eigenvalues of f. In this paper, we give a more natural way of normalization, which depends only on the system of eigenvalues.
Notation. For a commutative ring R, we denote by M mn (R) the set of (m, n)-matrices with entries in R. In particular put M n (R) = M nn (R). Here we understand M mn (R) the set of the empty matrix if m = 0 or n = 0. For an (m, n)-matrix X and an (m, m)-matrix A, we write A[X] = t XAX, where t X denotes the transpose of X. Let a be an element of R. Then for an element X of M mn (R) we often use the same symbol X to denote the coset X mod aM mn (R). Put
where det A denotes the determinant of a square matrix A, and R * denotes the unit group of R. Let S n (R) denote the set of symmetric matrices of degree n with entries in R. Furthermore, for an integral domain R of characteristic different from 2, let H n (R) denote the set of half-integral matrices of degree n over R, that is, H n (R) is the set of symmetric matrices of degree n whose (i, j)-component belongs to R or 1 2 R according as i = j or not. For a subset S of M n (R) we denote by S × the subset of S consisting of non-degenerate matrices. In particular, if S is a subset of S n (R) with R the field of real numbers, we denote by S >0 (resp. S ≥0 ) the subset of S consisting of positive definite (resp. semi-positive definite) matrices. Let R be a subring of R. Two symmetric matrices A and A with entries in R are called equivalent over R with each other and write
. We also write A ∼ A if there is no fear of confusion. For square matrices X and Y we write X⊥Y =
(

X O O Y
) .
Siegel-Eisenstein series and Differential operators
For a complex number x put e(x) = exp(2π √ −1x). Furthermore put
, where 1 n denotes the unit matrix of degree n. For a subring K of R put
and
Furthermore, put
A function f on H n is called a C ∞ -modular form of weight k with respect to Γ (n) if it satisfies the following conditions:
We call a C ∞ -modular form f a holomorphic modular form if
) the space of holomorphic (resp. C ∞ -) modular forms of weight k with respect to Γ (n) . For a holomorphic modular form f of weight k with respect to Γ (n) , let
be the Fourier expansion of f (Z), where tr denotes the trace of a matrix.
Here for Z ∈ H n we write Z = (x jl ) + √ −1(y jl ) with real matrices (x jl ) and (y jl ). For two C ∞ -modular forms f and g of weight k with respect to Γ (n) we define the Petersson scalar product < f, g > by
provided the integral converges. For a positive even integer k we define the Siegel Eisenstein series
, where ζ( * ) is Riemann's zeta function, and Γ
is holomorphic as a function of Z unless k = (n + 2)/2 ≡ 2 mod 4, or k = (n + 3)/2 ≡ 2 mod 4 (cf. [11] ). From now on we assume that E n,k (Z, 0) is holomorphic as a function of Z, and write E n,k (Z) = E n,k (Z, 0). Now we review the differential operators acting on the space of modular forms following [5] , [7] . Let X = (x ij ) 1≤i≤m,1≤j≤d be a matrix of variables, and for
Then there exists a unique polynomial mapping
). We 
where we write Z =
and put
This coincides with
• D ν n,l in [5] . Let n and l be integers. Assume that l ≥ n + 3 or l ≥ n + 1 according as n ≡ 1 mod 4 or not. Then E 2n (Z, 0) is holomorphic modular form and write E 2n,l (Z) = E 2n,l (Z, 0) as above. We then define E 2n,l,k (z 1 , z 2 ) as z 2 ) , where z 1 , z 2 ∈ H n . Then we see the following (cf. Section 4 of [8] .) Theorem 2. In addition to the notation and the assumption as
Pullback formula
+ , Γ (n) ) denote the Hecke ring over Q associated with the Hecke pair (GSp n (Q)
Furthermore, for i = 1, ..., n − 1 put
As is well known, L n is generated over Q by all T (p), (p ± ) and T i (p 2 ) (i = 1, ..., n − 1). We denote by L n the subalgebra of L n generated by over Z by all T (p) and
We call this action the Hecke operator as usual (cf. [1] .) If f is an eigenfunction of a Hecke operator T ∈ L n ⊗ C, we denote by λ f (T ) its eigenvalue. We call f ∈ M k (Γ (n) ) a Hecke eigenform if it is a common eigenfunction of all Hecke operators. Furthermore, we denote by Q(f ) the field generated over Q by eigenvalues of all T ∈ L n as in Section 1. As is well known, Q(f ) is a totally real algebraic number field of finite degree. Now, first we consider the integrality of the eigenvalues of Hecke operators. For an algebraic number field K, let O K denote the ring of integers in K. The following result is due to Mizumoto [9] (see also [8] .)
) be the Hecke algebra associated with the pair (GSp n (Q p ), GSp n (Q p ) ∩ GL 2n (Z p )). Now assume that f is a common eigenfunction of all Hecke operators, and for each prime number p, let α 0 (p), α 1 (p), ...., α n (p) be the Satake parameters of L np determined by f. We then define the standard zeta
For a positive integer m ≤ k − n such that m ≡ n mod 2 put
Then the following result is due to [3] and [10] : Theorem 3.2. Let l, k and n be a positive integers. Assume that k and l + n are even, and
Now assume that l < k. Then we have the following Fourier expansion of E 2n,l,k (z 1 , z 2 ) as a function of z 1 : (A 1 z 1 ) ). (tr(Az) ). Now we have the following formula. 
Congruence of modular forms
In this section we consider the congruence between the Hecke eigenvalues of modular forms of the same weight. Let K be an algebraic number filed, and O = O K the ring of integers in K. For a prime ideal
We simply write ord 2 (c) = ord 2 ((c)) for c ∈ K. For a Q-algebra homomorphism λ :
and Q(λ) the field over Q generated by all the λ(T )'s. For a Hecke eigenform f, the mapping L n ∈ T → λ f (T ) ∈ C defines a Q-algebra homomorphism from L n to C, which is denoted by λ f . Then f belongs to S k (Γ (n) , λ), and Q(λ) = Q(f ). Let
Let R be a subring of C. Let S k (Γ 
Then there exists an i = 1 such that we have
Proof. The assertion can be proved similarly to Lemma 5.1 of [8] . 
Then I does not depend on the choice of {v
Proof. This may be well-known or can be easily proved. But for the readers' convenience, we here give a proof. Let {u i } d i=1 be another orthogonal basis. Then we have
Then we have
ThusÃ is an unitary matrix, and therefore we have
, where δ lm is Kronecker delta. Thus we have
This proves the assertion.
Let f be a Hecke eigenform in S k (Γ (n) ) and M be a subspace of
⊥ , where (Cf ) ⊥ is the orthogonal complement of ⊥ , we simply call P a congruence prime of f. Now we consider the relation between the congruence primes and the standard zeta values. To consider this, we have to normalize the standard zeta value Λ(f, l, St) for a Hecke eigenform f because it is not uniquely determined by the system of Hecke eigenvalues of f. We note that there is no reasonable normalization of cuspidal Hecke eigenform in the higher degree case unlike the elliptic modular case. Thus we define the following normalization. Take an orthogonal basis 
